Introduction
Accurate buckling calculations are important for several reasons. Bending stresses because of tubing buckling may cause permanent deformations, called "corkscrewing," which is to be avoided. For a fixed packer, an inaccurate estimation of tubing movement may greatly underestimate the axial loads, resulting in a nonconservative design. For a free packer or a packerbore receptacle, exaggerated tubing motion will require excessive seal length. Further, because tubing incremental motion will control the friction-load direction, errors in overall tubing displacement will generate further errors in friction loads.
The first publication of the analysis of helical buckling answered two basic questions about tubing buckling:
1. How does fluid pressure influence buckling? 2. What is the pitch of helically buckled tubing? Their solution was brilliant but seemingly simple and has strongly influenced the basic approach to buckling analysis in the petroleum industry. The unfortunate side effect has been that many fundamental questions cannot be answered with this approach . For instance, how do boundary conditions at a packer affect the buckling solution? The solution by does not connect to a packer, so we must assume that their result applies far from the boundary conditions, and that boundary conditions do not matter. When we have a deviated well, there is the possibility of lateral buckling. When does helical buckling happen in this case, and what is the pitch of this helix?
The study of buckling in deviated wells produced the second theme of this review: At what axial load does tubing buckling begin in deviated wells? The first explicit calculation for deviated wells was published by .
Many papers have followed these two seminal papers (see Appendix C) . This review will list only what the author considers to be the best current knowledge on tubing buckling and will list a few open questions that need further study.
The Buckling Force
In traditional buckling analysis, a compressive force is needed to buckle a column. This concept has to be modified when the column is a pipe with internal-and external-fluid pressures. It can be shown that the actual axial force needs to be replaced by the effective axial force:
where F e is the effective force, F a is the actual axial force, p i is the internal pressure, A i is the internal flow area of the pipe, p o is the external pressure, and A o is the total cross-sectional area of the pipe (pipe cross-sectional area plus flow area). The v 2 terms give the effect of flowing-fluid momentum, where is the fluid density and v 2 is the average squared velocity over the cross-section; subscripts i and o indicate inside and outside the pipe, respectively. The pipe weight per unit length w bp corresponding to Eq. 1 is
where w p is the weight per length of the pipe in air, i is the density of the fluid inside the pipe, o is the density of the fluid outside the pipe, and g is the acceleration of gravity.
Because the effective force uses the convention that tension is positive, we need to define a buckling force F b so that compression is positive: perimental results show, for instance, helical buckling with reversals in direction.
Buckling Initiation in Deviated Wells. analyzed a pipe lying on the bottom of a deviated well, neglecting the Euler buckling load, and determined the minimum force necessary (i.e., the critical force F c ) needed to initiate lateral buckling: where EI (the product of E and I) is the bending stiffness, r c is the pipe radial clearance, and is the angle of inclination with the vertical. generalized result for curved wellbores by recognizing that the term w bp sin was actually the pipe contact force: where w c is the contact force between the pipe and the wellbore. The contact force [denoted F lnbc in ] was given by
where is the inclination angle, is the azimuth angle, and Ј is the derivative with respect to measured depth s. (The terminology is explained in detail in Appendix A.) The contact-force expression, Eq. 6, was first developed in the context of torque-and-drag modeling by Sheppard et al. (1987) . The difficulty in evaluating Eq. 6 is determining the derivatives of the inclination and azimuth angles. Alternatively, Eq. 6 can be expressed for constantcurvature wellbores as
where n z is the vertical component of the vector normal to the curve, is the curvature, and b z is the vertical component of vector the binormal to the curve. This result is explained in Appendix B.
Friction. The one feature in common with all these analyses is the absence of friction. For sliding friction, the only way to allow buckling is to have an initial nonzero lateral displacement, with the axial-force contribution balancing the fully mobilized friction force. There are two other possibilities.
Friction, Case 1. A cylindrical pipe has another possible mode of displacement. Instead of sliding, the pipe can be twisting. The friction force develops gradually, so we can have a critical buckling force in the traditional sense; that is, the pipe can be shown to be unstable for arbitrarily small lateral perturbations. The minimum value of F c for twisting is : Short-Radius Wells. In short-radius wells, the curvature is sufficiently large that the term EI 2 is comparable to the buckling force F b . In this case, a large-displacement version of the lateralbuckling criterion is required :
where F c is defined by Eq. 5, 8, or 10.
Helical-Buckling Initiation. The first helical-buckling criterion for deviated wells was developed by : 2.8F c is believed to be the lateral-buckling limit on loading, while √2 F c is believed to be the helical-buckling limit on unloading from a helically buckled state. The lower limit, √2 F c , is the minimum pipe strain energy needed to develop a helix, but this minimum energy is insufficient to cause the spontaneous development of a helix from a laterally buckled pipe.
Analytic solutions have been found for buckling with lateral loads (Mitchell 2002 ) that give the following buckling criteria:
The helical-buckling criterion is based on positive contact force throughout the solution, which is a stronger restriction than the basis for Eq. 13. This suggests that the solution for the range 2.60F c to 3.88F c might be like a helix, but with no contact at the top of the arc. Note also that the lateral solution range approximates the range between Eqs. 12 and 13. The value of the upper limit is still under study, but in the particular numerical method used to develop these results, 2.8F c was the maximum limit under which a stable solution of lateral buckling could be developed. In practice, pipe will transition from lateral to helical buckling at some intermediate value between √2 F c and 2.8F c because of irregularities in the actual geometry, and will fall out of the helix for values of F b less than √2 F c . Experimental studies have verified these results, at least qualitatively, and further experimental studies are continuing to investigate this behavior .
Buckling Equilibrium
When solving a mechanical-equilibrium problem, the engineer is usually confronted with a system of differential equations and a set of boundary conditions. The tubing-buckling problem is seldom posed this way. Why should this be the case?
Partly this is because of historical reasons. The first generally accepted buckling solution was developed by . They posed a virtual-work problem to determine the pitch of the helically buckled pipe. Others followed the same path, and this is generally the way tubing-buckling problems are solved today. The second reason is that the differential equations describing tubing buckling are nonlinear and are therefore difficult to solve analytically. Only recently have general solutions to this problem become available (Mitchell 2002) . The final reason is that posing and solving these boundary-value problems are often tedious and difficult ).
Summary of Early Helical-Buckling Results.
The first generally useful buckling solution was published by . In Lubinski's analysis, the wellbore is assumed to be vertical and the buckled-tubing shape was modeled as a helix with variable pitch.
In a wellbore, the pipe is constrained on all sides and can find an equilibrium configuration for loads greater than the critical buckling load. Displacements for a constant-pitch helix are given by where ␤ is a constant related to the pitch ℘ of the helix by ). The coordinate system is illustrated in Fig. 3 . formulated their solution in terms of pitch,℘, but we have chosen an alternative parameter, ␤, for convenience. If we substitute Eq. 15 into the equilibrium equations, we find only the following result:
where ␣ is defined by
where EI is the bending stiffness. For a positive contact force, we require that ␤ 2 Յ␣ 2 . The parameter ␤ can have either a positive or a negative sign in Eq. 17. This means that either a right-handed or a left-handed helix can be produced, and neither direction is preferred. What is interesting about Eq. 17 is that ␤ is not determined by equilibrium, other than being constrained to be smaller than ␣ in absolute value. determined ℘ through the use of the method of virtual work. Their result, rewritten in terms of ␤, is where we have again assumed that ℘ 2 >>4 2 r c 2 . We can now solve for the contact force, using Eqs. 17 and 20 : We can see that the contact force is positive, as we required. then developed tubing-movement and bending-stress calculations from these results. These results were modified by Miska and Cunha (1995) and . Examination of the results of numerical analysis of these equations (Fig. 4) 
Summary of Buckling Results for Deviated
Wells. The full equations for buckling in deviated wells are nonlinear and sufficiently difficult to be unsuitable for design calculations (
. (29)
For the case of lateral buckling, we have only the maximum value of Ј, so we must determine the average strain in terms of the maximum strain. The shape of the Ј curve for lateral buckling (Fig. 4) was integrated numerically to determine the following relationship: 
. (35)
For lateral buckling, the following is an accurate approximation for the integration of Eq. 30, with F b1 equal to F c : The integration of Eq. 31 gives the familiar result for helical buckling: (Fig. 5 ) and verified experimentally ) (Fig. 6) . The induced torque M t and induced shear V b are given by For tubing with a large radial clearance, the induced torque can exceed makeup torque (Fig. 5 ). While this may not necessarily imply connection failure, it is at least suggestive of that possibility. Transition From Packer to Full Helix. In the Lubinski et al. method, the boundary conditions are not considered explicitly, but are embedded in the formulation in a subtle way. Examination of the formulation clearly shows that the boundary conditions are not consistent with typical packers. The conventional wisdom is that the buckling solution applies "far from the packer." New analysis ) provides a method for calculating the magnitude of "far away." For instance, the transition section from the boundary to 99% of the Lubinski et al. solution Lubinski et al.) .
The problem with this solution is that mechanical constraints on moment and shear require that Hammerlindl's solution (1977) apply only to sections with the same radial clearance and same bending stiffness, which in practice means that it applies only to identical sections (i.e., it does not apply to tapered strings). Is Hammerlindl's solution valid as an approximation? The conventional wisdom is that the buckling solution of Lubinski et al. pertains away from boundary conditions (Fig. 7) . Interpreting Hammerlindl's solution (1977) in the same framework, his results apply only away from the point where the pipes are connected. But the question remains: "What is the pipe behavior at the point of connection between two distinctly different strings?" Preliminary studies indicate that changing radial clearance produces oscillatory behavior in the pitch of the helix (Fig. 8),   Fig. 5-Induced-torque-2 3 ⁄8-in. tubing (H-40, J-55, C-75, N-80: grades of tubing) .
contradicting the conventional-wisdom solution. The taperedstring problem still needs resolution.
Friction
Perhaps the most important force, and the force least studied in the analysis of buckling, is friction. The magnitude of the friction force is usually not that difficult to determine. The difficulty is determining the direction of the friction vector. A number of models, notably torque-and-drag models, are able to model friction effectively because the friction direction is assumed. Some friction analysis has been performed for buckling-related problems ), but the general problem has not been solved. It is likely that numerical methods will be needed, a load history dependence will be part of the analysis, and dynamic forces may also be needed.
Conclusion
The original buckling analysis by has inspired 4 decades of work to understand the many aspects of tubing buckling. More than forty years later, we find that there are still challenging problems to solve and difficult questions to answer.
Where the original analysis applied only to vertical wells, now correlations are available for deviated and horizontal wells. Buckling criteria now can be applied to curved wellbores with friction and out-of-plane forces. Previously unsuspected effects, such as induced torque, can now be evaluated with explicit formulas. The effect of boundary conditions on buckling has been determined for vertical wells. The effect of connectors has been developed for vertical and horizontal wells.
Some remaining problems include 1. The effects of friction on buckling in general. 2. The solution of the tapered-string problem. 3. The effects of boundary conditions on deviated and horizontal wells. The method most commonly used to define a well trajectory is called the Minimum-Curvature method (Sawaryn and Thorogood 2005) . In this method, we connect two tangent vectors with a circular arc, as illustrated in Fig. A-2 . In Fig. A-2 we have a circular arc of radius R over angle , connecting the two tangent vectors ៝ t 1 at measured depth s 1 , and ៝ t 2 at measured depth s 2 . The arc length is R‫ס‬s 2 -s 1 ‫⌬ס‬s. Notice that the angle is also the angle between the tangents ៝ t 1 and ៝ t 2 . From this we can immediately determine R: R = ⌬sր = ⌬sրcos The vector r ៝ 1 is just the initial position at s‫ס‬s 1 . Notice that Eq. A-7 fails if ៝ t 1 ‫៝ס‬ t 2 . For this case, we use Eq. A-3 for the straight wellbore. 
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